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Part I: Sylvester’s Four Point Problem

Florian Besau, TU Wien



3/ 41

“What is the probability that 4 random points
in the plane are in convex position?”

paraphrasing J.J. Sylvester [Educational Times 1864, Question 1491]

4 points in convex position. Not in convex position!

James Joseph Sylvester
(1814–1897)
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I Since Sylvester didn’t specify what kind of “random points” he was considering,
several solutions were submitted.

I The classical approach is to fix a convex body (compact and convex set with
non-empty interior) K ⊂ R2 and consider points Xi drawn from K uniformly and
independently, i.e., for measurable A ⊂ K the probability that Xi is contained in
A is

Prob(Xi ∈ A) = Vol2(A)
Vol2(K) .
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Sylvester’s question is to determine

p4(K) = Prob({X1,X2,X3,X4} are in convex position)

= 1− Prob({X1,X2,X3,X4} are not in convex position)
= 1− 4 Prob(X4 is contained in the random triangle conv{X1,X2,X3})

= 1− 4
∫
K3

(∫
K

1[x4 ∈ conv{x1,x2,x3}]P(dx4)
)
P(dx1,dx2, dx3)

= 1− 4
∫
K3

Prob(X4 ∈ conv{x1,x2,x3})P(dx1,dx2,dx3)

= 1− 4
∫
K3

Vol2(conv{x1,x2,x3})
Vol2(K) P(dx1,dx2, dx3)

= 1− 4
Vol2(K)EVol2(conv{X1,X2,X3}).

Note that conv{X1,X2,X3} spans a proper triangle with
probability 1!

X3

X2

X1

X4
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Solving p4(D) for the unit disk D := {(x, y) ∈ R2 : x2 + y2 = 1}.
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I Since Xi are drawn uniformly from K, we find that

p4(K) = 1− 4
Vol2(K)EVol2(conv{X1,X2,X3})

is an affine invariant, that is, for any linear map A ∈ GL(R2) and translation
x ∈ R2 we have

p4(AK + x) = p4(K).

I Some solutions for p4(K):

I For a circular disk (or any ellipse) D we have p4(D) = 1− 35
12π2 = 70.447988..%.

I For any triangle T we have p4(T ) = 2/3 = 66.6̇%.
I For a square (or any parallelogram) S = [0, 1]2 we have p4(S) = 25/36 = 69.4̇%.
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Theorem (Blaschke, 1923).
For any convex body K ⊂ R2 we have

p4(T ) ≤

p4(K) ≤ p4(D).

Idea of Proof: Steiner Symmetrization (disk D),

Shakedown (“Schüttelung”) (triangle T ).

· · ·

· · ·

Wilhelm Blaschke
(1885–1962)
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The lower bound p4(T ) = 2/3 = 66.6̇% can be broken by non-uniform distribution:
I H. Maehara (1978), C. Blatter (2008) considered the standard normal

distribution γ2 on R2 and obtained

p4(γ2) = 6
π

arcsin(1/3) = 64.904068..%

I Z. Kabluchko (2020) derives for 4 points on the half-sphere S2
+ (Cauchy

distribution in R2) that

p4(S2
+) = 3− 24

π2 = 56.829159..%

See also H. Maehara & H. Martini (2018).
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I Blaschke (1923): for uniform random points in a convex body K ⊂ R2

p4(T ) ≤ p4(K) = 1− 4
Vol2(K) EVol2(conv{X1,X2,X3}) ≤ p4(D).

Theorem (Groemer, 1974).
For n ≥ d+ 1 and any convex body K ⊂ Rd we have
that

EVold(conv{X1, . . . , Xn})

is minimized if K is a Euclidean ball (of the same
volume as K).

I Groemer’s inequality is just one example of a randomized isoperimetric inequality
that can be obtained using Steiner Symmetrization, or the more general theory of
Shadow Systems.

I For a good overview on the numerous results on randomized isoperimetric
inequalities see, for example, G. Paouris & P. Pivovarov (2017).
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Groemer’s inequality yields

pd+2(K) = 1− d+ 2
Vold(K)EVold(conv{X1, . . . ,Xd+1}) ≤ pd+2(Bd

2).

J.F.C. Kingman (1969) showed:

pd+2(Bd
2) = 1− d+ 2

2d

(
d+ 1

(d+ 1)/2

)d+1( (d+ 1)2

(d+ 1)2/2

)−1

= 1− e−O(d log d).
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J.F.C. Kingman (1969): pd+2(Bd
2) = 1− e−O(d log d).

Open Conjecture: For d ≥ 3, do we have pd+2(K) ≥ pd+2(T d), where T d is a
d-dimensional simplex?

I S. Campi, A. Colesanti, & P. Gronchi (1999/01) consider a Shaking
Symmetrization in dimension d ≥ 3 and obtain, for example, that for any polytope
P with d+ 2 vertices pd+2(P ) ≥ pd+2(T d).

I V.D. Milman & A. Pajor (1989) show that pd+2(K) ∼ 1− LdKd−d/2 for
d→∞, where LK denotes the isotropic constant of K.

I Bounding the isotropic constant was a major open problem in asymptotic
geometry and is equivalent to Bourgain’s slicing problem.

I A complete solution was recently provided by B. Klartag & J. Lehec (2024+)
using new bounds by Q. Guan (2024+) and tools by R. Eldan & D. Mikulincer
(2020).

I Thus, for all d ≥ 2 and any convex body K ⊂ Rd: pd+2(K) ∼ 1− e−O(d log d).
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Explicit values of pd+2(K) for d ≥ 3 are mostly unavailable. A few noteworthy
exceptions:
I D. Mannion (1994) and C. Buchta & M. Reitzner (2001) derive explicit values

for p5(T 3) for the 3-dimensional simplex T 3 ⊂ R3.

I A. Zinani (2003) considers p5(C3) the 3-dimensional cube C3 ⊂ R3.
I A. Gusakova & Z. Kabluchko (2025+) give solutions for pd+2(µ) for random

points Xi distributed with respect to µ being either the Gaussian, a beta, or a
beta-prime distribution in Rd.
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I A. Zinani (2003) considers p5(C3) the 3-dimensional cube C3 ⊂ R3.

I A. Gusakova & Z. Kabluchko (2025+) give solutions for pd+2(µ) for random
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beta-prime distribution in Rd.

Florian Besau, TU Wien



13/ 41

Explicit values of pd+2(K) for d ≥ 3 are mostly unavailable. A few noteworthy
exceptions:
I D. Mannion (1994) and C. Buchta & M. Reitzner (2001) derive explicit values

for p5(T 3) for the 3-dimensional simplex T 3 ⊂ R3.
I A. Zinani (2003) considers p5(C3) the 3-dimensional cube C3 ⊂ R3.
I A. Gusakova & Z. Kabluchko (2025+) give solutions for pd+2(µ) for random

points Xi distributed with respect to µ being either the Gaussian, a beta, or a
beta-prime distribution in Rd.

Florian Besau, TU Wien



14/ 41

Part II: Asymptotic Results
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I Let K ⊂ Rd be a convex body. Since for a convex body K ⊂ Rd the expected
volume difference

EVold(K \ P(K,n))

between K and a random polytope P(K,n) := conv{X1, . . . ,Xn} for uniform
i.i.d. random points Xi in K is mostly inaccessible for n ≥ d+ 2 one may wonder
about asymptotic results as n→∞.

Question. For n→∞, can we determine the asymptotic
behavior of EVold(K \ P(K,n))

Vold(K) ?

What about the expect number k-faces, for fixed
k ∈ {0, . . . , d− 1}, as n→∞, i.e., Efk(P(K,n)) ?

Note again that EVold(K\P(K,n))
Vold(K) and Efk(P(K,n)) are affine

invariant.
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Efron’s identity: [B. Efron (1965)]

Ef0(P(K,n))

= E
n∑
i=1

1[Xi is a vertex of P(K,n)]

= nProb(Xn is not contained in P(K,n− 1) := conv{X1, . . . ,Xn−1})

= nE
Vold(K \ P(K,n− 1))

Vold(K) .

Thus
EVold(K \ P(K,n))

Vold(K) ∼ 1
n
E f0(P(K,n)) for n→∞.
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Asymptotic behavior for Ef0(P(K,n)) = Ef1(P(K,n)) for a smooth convex body
K ⊂ R2.
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Theorem (Rényi & Sulanke, 1963/64). Let K ⊂ R2 be a smooth convex body such
that the boundary curve ∂K has curvature κ(x) > 0 for all x ∈ ∂K. Then

Ef0(P(K,n)) = Ef1(P(K,n)) ∼ c1 Ω(K)
(

n

Vol2(K)

)1/3
,

and EVol2(K \ P(K,n)) ∼ c2 Ω(K)
(Vol2(K)

n

)2/3
,

where c1, c2 > 0 and Ω(K) is the affine perimeter of the boundary curve ∂K defined by

Ω(K) :=
∫
∂K

κ(x)1/3 dx.
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Theorem (Rényi & Sulanke, 1963/64). Let P ⊂ R2 be a convex 2-dimensional
polygon. Then

Ef0(P(P, n)) = Ef1(P(P, n)) ∼ c̃1 f0(P ) log
(

n

Vol2(P )

)
,

and
EVol2(P \ P(P, n)) ∼ c̃2 f0(P ) Vol2(P )

n
log

(
n

Vol2(P )

)
,

where c̃1, c̃2 > 0.
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I. Bárány (1992) and M. Reitzner (2005) gave extensions to all dimensions as follows:

Theorem. Let K ⊂ Rd be a convex body of class C2
+. Then, for 0 ≤ k ≤ d− 1,

Efk(P(K,n)) ∼ ckΩ(K)
(

n

Vold(K)

) d−1
d+1

,

and
EVold(K \ P(K,n)) ∼ cnΩ(K)

(
n

Vold(K)

)− 2
d+1

,

for n→∞. Here ci = ci(d) > 0 are constants that only depend on the dimension d
and Ω(K) is the affine surface area of K.
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Blaschke’s affine surface area
I K ⊂ Rd a convex body of class C2

+ that contains the origin in the interior.

Blaschke’s affine surface area:
Ω(K) =

∫
∂K

Hd−1(K,x)
1
d+1 Hd−1(dx)

I Extension of Ω to convex bodies K without curvature conditions:
Petty (1985); Leichtweiss (1988/89); Schütt & Werner (1990);
Lutwak (1986/91); Schütt (1993); Dolzmann & Hug (1995); Hug (1996)...

I Ω is a upper semi-continuous and equi-affine invariant valuation. Characterization
of all such valuations by Ludwig & Reitzner (1999).

I Affine Isoperimetric Inequality: Ω(K) ≤ Ω(BK) where BK is a Euclidean ball (or
ellipsoid) with the same volume as K.

I Extensions to Lp- and Orlicz affine surface areas that are semi-continuous and
centro-affine invariant valuations.
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There are fewer results for a d-dimensional convex polytope P as a container body.
Nevertheless, I. Bárány & C. Buchta (1993) and M. Reitzner (2005) obtain:

Theorem. Let P ⊂ Rd be a convex d-dimensional polytope. Then, for 0 ≤ k ≤ d− 1,

Efk(P(P, n)) ∼ c̃k flag(P )
(

log n

Vold(P )

)d−1
,

and
EVold(P \ P(P, n)) ∼ c̃n flag(P )Vold(P )

n

(
log n

Vold(P )

)d−1

for n→∞. Here c̃i = c̃i(d) > 0 are constants that only depend on the dimension d
and flag(P ) is the total number of complete flags (maximal chains in the face lattice).
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Flags of a Polytope
I P ⊂ Rd . . . convex d-dimensional polytope.

I Fi(P ) . . . i-dimensional faces of P , i ∈ {−1, 0, 1, . . . , d}.
I F−1(P ) = {∅}
I F0(P ) . . . vertices

I F1(P ) . . . edges
I Fd−1(P ) . . . facets
I Fd(P ) = {P}

I F(P ) =
d⋃

i=−1
Fi(P ) . . . face lattice

I A (complete) flag F is a tuple F = (F0, F1, . . . , Fd−1) s.t.
i) Fi is an i-face of P and
ii) Fi ⊆ Fi+1.

I flag(P ) . . . total number of all (complete) flags F of P .
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Bounds on flag(P )
I The upper bound theorem for convex polytopes yields: flag(P ) ≤ cd f0(P )d/2,

where the upper bound is realized by cyclic polytopes.

I An absolute lower bound is given by the simplex T d:
flag(P ) ≥ flag(T d) = (d+ 1)!
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I If P ⊂ Rd is centrally symmetric, then it is conjectured that:
flag(P )

?
≥ flag(Cd) = d!2d,

where Cd is the d-dimensional cube. True for d ∈ {2, 3} and open for d ≥ 4.

I A result by Figiel, Lindenstrauss, & Milman (1977) gives the lower bound

flag(P ) ≥ d!c
√
d

for an absolute constant c > 1.

I If P is simple or simplicial, then a result by Bárány & Lovász (1982) shows that
the conjecture holds true.

I Note that for any Hanner d-polytope H we have flag(H) = d!2d. Starting with
d = 4 there are conjectured minimizers that are neither simple nor simplicial, e.g.
octahedral 4-prism.
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An (incomplete) list of asymptotic results for the expectation in the non-uniform case:
I Gaussian polytopes: H. Raynaud (1970); F. Affentranger (1991);

F. Affentranger & R. Schneider (1992); Y.M. Baryshnikov & R.A. Vitale
(1994); I. Hueter (1994/99);...

I non-uniform bounded density on K ⊂ Rd:
K. Böröczky, F. Fodor, & D. Hug (2010);...

I Random points on the boundary of convex bodies:
C. Buchta, J. Müller, & R.F. Tichy (1985); C. Schütt & E. Werner (2000);
M. Reitzner (2002); K. Böröczky, F. Fodor, & D. Hug (2013);...

I spherical, hyperbolic and other non-Euclidean container bodies:
FB, M. Ludwig, & E. Werner (2018),...

I beta and beta-prime polytopes: H. Carnal (1970);
W.F. Eddy & D.J. Gale (1981); R.A. Dwyer (1991);
Z. Kabluchko, D. Temesvari, & C. Thäle (2019); Z. Kabluchko (2021/23);
Z. Kabluchko, C. Thäle, & D. Zaporozhets (2020);...

I uniform (and block-beta) polytopes in cylinder bodies
K = Bk1

2 × · · · ×B
km
2 ⊂ Rd: FB, A. Gusakova, & C. Thäle (2024+)
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Part III: Concentration, Variance and
the Central Limit Theorem
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I Let K ⊂ Rd be a convex body and x ∈ K a fixed point. Among all half-spaces
H+ that contain x there is at least one H+(x) that gives minimal volume relative
to K, i.e.,

Vold(H+(x) ∩K) = min{Vold(H+ ∩K) : x ∈ H+}.

I We call CK(x) := H+(x) ∩K a minimal volume cap and define the
halfspace-depth (or Tuckey-depth) hDK : K → [0, 1] by

hDK(x) := Vold(CK(x))
Vold(K) = min

{
Vold(H+ ∩K)

Vold(K) : x ∈ H+
}
.

I First definition by Donoho (1982).
Survey on halfspace depth: S. Nagy, C. Schütt & E. Werner (2019)

I hDK is affine invariant: hDαK(αx) = hDK(x).
I If x ∈ bdK, then hDK(x) = 0. Moreover, hDK is log-concave and has a unique

maximizer x0 in the interior of K.
I The super-level set of hDK is a convex body (for δ small enough) and is exactly

the floating body of K: F(K, δ) := [hDK ≥ δ] := {x ∈ K : hDK(x) ≥ δ}
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2-Dimensional Case: the Envelope Curve of Floating Lines
I K ⊂ R2 convex body (compact, convex with non-empty interior)
I A = {`(h, θ) : h ∈ R, θ ∈ [0, 2π)} space of all (oriented) affine lines `(h, θ):

`(h, θ) : x cos θ + y sin θ = h.
I Achimedes’ Principle FK = FB gives the following constrain:

I weight of the body K: FK = g ·mK = g · ρK ·Vol2(K)
I weight of the displaced fluid: FB = g ·mF = g · ρF ·Vol2(K ∩H−(`))

Thus Vol2(K ∩H+(`))
Vol2(K) = 1− Vol2(K ∩H−(`))

Vol2(K) = 1− ρK
ρF

= δ ∈ [0, 1].

`

K ∩H−(`)

K ∩H+(`)

FB

FK

We consider the family of affine lines {`(h, θ)} ⊂ A such that K is δ-floating w.r.t.
`(h, θ), that is, h = hKδ (θ) is uniquely determined by

Vol2(K ∩H+(`(h, θ))) = δVol2(K).
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2-Dimensional Case: the Envelope Curve of Floating Lines
I The family of δ-floating lines {`(hKδ , θ) : θ ∈ [0, 2π)} gives rise to the envelope

curve CδK which is the locus of all points (x, y) =: x s.t.
0 = x cos θ + y sin θ − hKδ (θ)︸ ︷︷ ︸

(x,y)∈`(hK
δ
,θ)

=: F (x, θ), and 0 = ∂

∂θ
F (x, θ).

I Solving this system of equation shows that x is just the centroid (midpoint) of the
line segment K ∩ `(hKδ , θ). Hence, the δ-floating curve CδK is parametrized by:
θ ∈ [0, 2π) 7→ x(θ) = cent(K ∩ `(hKδ , θ))
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line segment K ∩ `(hKδ , θ). Hence, the δ-floating curve CδK is parametrized by:
θ ∈ [0, 2π) 7→ x(θ) = cent(K ∩ `(hKδ , θ))

I The δ-floating curve construction Cδ is affine covarint: Let A ∈ GL(2) and
y ∈ R2. Then for the affine transformation α(x) = Ax + y we have
(Cδ ◦ α)K = (α ◦ Cδ)K.

I This construction can be traced back to C. Dupin.
[Application de Géométrie et de Méchanique, 1822]
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The δ-Floating Curve: Examples
I For the Euclidean unit disk B2

2 we have that: CδB2
2 = hδ bdB2

2 .
Here hδ ∈ [−1, 1] is the unique solution of

δ = Vol2(B2
2 ∩H+(`(hδ)))
Vol2(B2

2)
= 2
π

∫ 1

hδ

√
1− t2 dt

= 1
2 −

1
π

(
hδ

√
1− h2

δ + arcsin hδ
)
.

In particular hδ ∼ 1− Cδ2/3 for δ → 0+, and we find that
Vol2(B2

2)−Vol2(hδB2
2) = O(δ2/3).

This also determines the behavior for all ellipsoids E = αB2
2 .

Vol2(B2
2)−Vol2(hδB2

2) = O(δ2/3)

hδ

1

B2
2

I For the square B2
∞ = [−1, 1]2 we have that CδB2

∞ is the union of 4 congruent
hyperbola arcs and is boundary to a convex body (B2

∞)δ.
We may calculate: Vol2(B2

∞)−Vol2((B2
∞)δ) = O(δ ln(1/δ)) for δ → 0+.

I For any triangle T we have that Cδ(T ) is the union of up to 6 hyperbola arcs. In
particular CδT is never a convex curve for δ ∈ (0, 1).
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The Floating Surface in d-Dimensions

The δ-floating surface is the envelope of all δ-floating hyperplanes and may not be
convex.

However, at least for δ small enough, there will be a “wet-part” of K that always stays
below the δ-floating hyperplane H. This “wet-part” is the intersection of all
half-spaces H− and thus a convex body.
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I Using the minimal volume cap CK(x) we estimate

Prob(x 6∈ P(K,n)) ≥ Prob(CK(x) ∩ P(K,n) = ∅)

=
(

1− Vold(CK(x))
Vold(K)

)n
= (1− hDK(x))n .

I Thus

EVold(K \ P(K,n)) =
∫
K

Prob(x 6∈ P(K,n)) dx

≥
∫
K

(1− hDK(x))n dx

≥ (1− δ)n Vold({x ∈ K : hDK(x) ≤ δ})
≥

δ=1/n
C Vold (K \ F(K, 1/n))
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For the volume of the (convex) floating body of K,

F(K, δ) = [hDK ≥ δ] = {x ∈ K : hDK(x) ≥ δ}

we have the following:

Theorem (C. Schütt & E. Werner, 1990). Let K ⊂ Rd be a convex body. Then

lim
δ→0+

Vold(K \ F(K, δ))
(δVold(K))

2
d+1

= αd Ω(K).

Also building on results of K. Leichtweiss (1986).

Theorem (C. Schütt, 1991). Let P ⊂ Rd be a d-polytope. Then

lim
δ→0+

Vold(P \ F(P, δ))
Vold(P )δ(log 1/δ)d−1 = βdflag(P ).
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I For a convex body K ⊂ Rd of class C2
+ we find again

EVol(K \ P(K,n)) ≥ C Vold
(
K \ F

(
K,

1
n

))
∼ Ω(K)

(Vold(K)
n

) 2
d+1

.

Theorem (I. Bárány & Larman, 1988). Let K ⊂ Rd be a convex body. Then

EVol(K \ P(K,n)) ≤ C(d) Vold
(
K \ F

(
K,

1
n

))
,

for sufficiently large n.

Theorem (I. Bárány & L. Dalla, 1997; V. Vu, 2005).
Let K ⊂ Rd be a convex body. Given some c > 0 and
sufficiently large n, we have with high probability we have

F
(
K,

c logn
n

)
⊂ P(K,n).

To be precise, there exist α = α(d) > 0 (large) such that

Prob
(
F
(
K,

c logn
n

)
⊂ P(K,n)

)
≥ 1− n−cα.
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I We denote by En the event that P(K,n) contains
F(K, c logn

n ).

I Then for a convex body K ⊂ Rd of class C2
+ the

concentration results also yields for p ≥ 0:

EVold(K \ P(K,n))p

= EVold(K \ P(K,n))p1(En) + EVold(K \ P(K,n))p[1− 1(En)]
≤ Vold(K \ F(K, (c logn)/n))p Prob(En) + Vold(K)p(1− Prob(En))

≤ C1

( logn
n

) 2p
d+1

+ C2n
−cα ∼

( logn
n

) 2p
d+1

for n large enough.

I While this bound is not optimal, it is often good enough!
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I Concentration can also be used to upper bound the variance by using the
Efron–Stein Jackknife inequality (as presented by M. Reitzner (2003)):
Var Vold(K \ P(K,n)) = Var Vold(P(K,n))

≤ (n+ 1)EVold(P(K,n+ 1) \ P(K,n))2

≤ (n+ 1)
[
EVold(P(K,n+ 1) \ P(K,n))21(En) + Vol(K)2(1− Prob(En))

]

≤ (n+ 1)
∫
K\F(K,(c logn)/n)

Vold(VisK(xn+1))2 dxn+1 + C2n
−cα

≤ C1(n+ 1)
( logn

n

)2+ 2
d+1

+ C2n
−cα ∼ n−1− 2

d+1 (logn)2+ 2
d+1 .
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Theorem (M. Reitzner, 2003/05). Let K be a convex body of class C2
+. Then for

sufficiently large n:

cn−1− 2
d+1 ≤ Var Vold(P(K,n)) ≤ Cn−1− 2

d+1 ,

and, for 1 ≤ k ≤ d− 1:

c̃n1− 2
d+1 ≤ Var fk(P(K,n)) ≤ C̃n1− 2

d+1

where c, c̃, C, C̃ > 0 are constants that depend on K.

I. Bárány & M. Reitzner (2010) also show for a d-polytope P ⊂ Rd that

cn−2(logn)d−1 ≤ Var Vold(P(P, n)) ≤ Cn−2(logn)d−1,

and
c̃(logn)d−1 ≤ Var fk(P(P, n)) ≤ C̃(logn)d−1.
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M. Reitzner (2005), see also V. Vu (2006), used the bounds on the variance to derive
the following Central Limit Theorem:

Theorem (M. Reitzner, 2005). Let K ⊂ Rd be a convex body of class C2
+ and

consider the normalized random variable

Wn := Vold(P(K,n))− EVold(P(K,n))√
Var Vold(P(K,n))

.

Then
Wn

d−→ Z for n→∞,

where Z ∼ N(0, 1) is a standard Gaussian distributed random variable.
A similar statement holds for fk(P(K,n)), 1 ≤ k ≤ d− 1.

I T. Hsing (1994) gave a CLT for the circular disk B2
2 .

I P. Calka, T. Schreiber, & J.E. Yukich (2013) gave a new proof.
I R. Lachièze-Rey, M. Schulte, & J.E. Yukich (2019) provide a new framework

using stabilizing functionals, which can also be used to derive a CLT for convex
bodies of class C2

+ for non-uniform (but bounded) densities.
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I A new approach to Stein’s method, a probabilistic tool to prove central limit
theorems, was introduced by S. Chatterjee (2008) and R. Lachièze-Rey & G.
Peccati (2017).

I It allows to prove upper bounds for the Wasserstein distance (or Kolmogorov
distance) between a random variable Wn := f(X)−E f(X)√

Var f(X)
that is defined by a

measureable and symmetric function f on random point configurations
X = (X1, . . . ,Xn). For example Vold(P(K,n)), fk(P(K,n)),...

I Then, for example, the Wasserstein distance between Wn and a standard Gaussian
random variable Z ∼ N(0, 1) can be bounded from above by expressions that
essentially only involve moments of the first and second order difference operator.

I For example, if f(X) = Vold(P(K,n)), then
D1f(X) = f(X1, . . . ,Xn)− f(X2, . . . ,Xn) = Vold(P(K,n) \ P(K,n− 1))

and using again concentration with respect to the floating body we derive the
bound (as before)

E |D1f(X)|p = E |Vold(P(K,n) \ P(K,n− 1))|p .
( logn

n

)p+ 2
d+1

.
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theorems, was introduced by S. Chatterjee (2008) and R. Lachièze-Rey & G.
Peccati (2017).

I It allows to prove upper bounds for the Wasserstein distance (or Kolmogorov
distance) between a random variable Wn := f(X)−E f(X)√

Var f(X)
that is defined by a

measureable and symmetric function f on random point configurations
X = (X1, . . . ,Xn). For example Vold(P(K,n)), fk(P(K,n)),...

I Then, for example, the Wasserstein distance between Wn and a standard Gaussian
random variable Z ∼ N(0, 1) can be bounded from above by expressions that
essentially only involve moments of the first and second order difference operator.

I For example, if f(X) = Vold(P(K,n)), then
D1f(X) = f(X1, . . . ,Xn)− f(X2, . . . ,Xn) = Vold(P(K,n) \ P(K,n− 1))

and using again concentration with respect to the floating body we derive the
bound (as before)

E |D1f(X)|p = E |Vold(P(K,n) \ P(K,n− 1))|p .
( logn

n

)p+ 2
d+1

.
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This approach was in particular very successfully to prove CLT’s also for non-uniform
random polytopes:
I C. Thäle, N. Turchi & F. Wespi (2018): CLT for f(X) = Vj(P(K,n)) for the

intrinsic volumes Vj .

I C. Thäle (2018) and N. Turchi & F. Wespi (2018): CLT for
f(X) = Vj(P(∂K, n)) where Xi are chosen randomly on the boundary ∂K.

I FB, & C. Thäle (2020) and FB, C. Thäle & D. Rosen (2021): CLT for
f(X) = Vold(P(K,n)) where K is a convex body in spherical or hyperbolic space
(also dual volumes).
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