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Poisson shot noise process

I We consider a marked Poisson process η on R̂d := Rd ×M
with intensity measure λ = γλd ⊗Q for some γ > 0.

I Under suitable measurability conditions, for (gm)m∈M with
gm : Rd → R≥0 a Poisson shot noise process (fη(y))y∈Rd is

defined for y ∈ Rd by

fη(y) =
∑

(x ,m)∈η

gm(y − x).
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Excursion sets

I Its excursion set is given by

Zu = {y ∈ Rd : fη(y) ≥ u}.

I Consider a geometric functional ϕ(Zu ∩W ) of the excursion
set on a compact convex observation window W with
λd(W ) > 0.
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Model with polyconvex excursion sets

I We assume that gm : Rd → R≥0 is concave on its compact
convex support Km with λd(Km) > 0 for m ∈M and
m 7→ Km is measurable.

I For k ∈ N we denote by (Mk) the moment condition∫
M
Vi (Km)k Q(dm) <∞, i ∈ {1, . . . , d}.

I Then, for SW := {(x ,m) ∈ Rd ×M : Km + x ∩W 6= ∅},
η(SW ) <∞ a.s.
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Model with polyconvex excursion sets

I Let (x1,m1), . . . , (xn,mn) be the points of the Poisson process
in SW . For K̂i = Kmi + xi , i ∈ {1, . . . , n},

Zu ∩W =
⋃

I⊆{1,...,n}

{
y ∈

⋂
j∈I

K̂j ∩W :
∑
j∈I

gmj (y − xj) ≥ u
}
.

I The excursion sets are almost surely polyconvex.

I Boolean model arises as special case for gm(x) = u for
x ∈ Km and m ∈M.
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Geometric functionals

I We consider measurable functions ϕ : Rd 7→ R, which are

I translation invariant, i.e. ϕ(A + x) = ϕ(A) for A ∈ Rd , x ∈ Rd

I additive, i.e. ϕ(∅) = 0 and

ϕ(A1 ∪ A2) = ϕ(A1) + ϕ(A2)− ϕ(A1 ∩ A2)

for A1,A2 ∈ Rd .
I locally bounded, i.e. |ϕ(A)| ≤ Mϕ for all Kd 3 A ⊆ [0, 1]d .

I Most prominent examples are the intrinsic volumes.
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Limiting behaviour of the expectation

Theorem (T. 2023+)

Let Wr = rW for r ≥ 1. Under the assumption (M1), we have

lim
r→∞

E[ϕ(Zu ∩Wr )]

Vd(Wr )
= E[ϕ(Zu ∩ Cd

0 )],

where Cd
0 := [0, 1)d denotes the half-open d-dimensional unit cube.

I A similar result was shown for E[ϕ(Z ∩Wr )], where Z is a so
called standard random set in Schneider/Weil (2008).
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Standard random sets

I For a polyconvex set A let N(A) denote the smallest possible
number m with A = K1 ∪ · · · ∪ Km for convex sets Ki ,
i = 1, . . . ,m.

I A standard random Z set satisfies E[2N(Z∩[0,1]d )] <∞.

I Zu ∩W can be written as the number of 2n convex sets,
where n = η(SW ), i.e. E[2N(Zu∩[0,1]d )] is not necessarily finite
and therefore not a standard random set.
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Example

I Consider the example, where gm(x) = u
2 for x ∈ Km.

I In a situation as in the following picture
n
2

n
2

N(Zu ∩ [0, 1]d) = n2

4 and if the probability for such

configurations is large enough, E[2N(Zu∩[0,1]d )] =∞.
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Proof idea

I For standard sets we use for W ⊂ [0, 1]d that |ϕ(A)| ≤ M̄ϕ

for A ⊂W and hence,

E[|ϕ(Z ∩W )|] ≤ M̄ϕE[2N(Z∩W )] <∞.

I For Zu ∩W we use a dynamic decomposition of W into cubes
Qn,z , which stops when N(Zu ∩ Qn,z) ≤ L for some constant
L ∈ N.
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Central limit theorem

Theorem (T. 2023+)

Under (M2) there exists a constant σ0 ≥ 0 such that

lim
r→∞

Var[ϕ(Zu ∩Wr )]

Vd(Wr )
= σ0.

Let N denote a standard Gaussian random variable. If σ0 > 0 and
assumption (M4) is fulfilled, there exists for ♦ ∈ {Kol,Was} a
constant C > 0 satisfying

d♦

(
ϕ(Zu ∩Wr )− E[ϕ(Zu ∩Wr )]

Var[ϕ(Zu ∩Wr )]
,N

)
≤ C√

Vd(Wr )

for r large enough.
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Previous work

I Similar results for the Boolean model in Hug/Last/Schulte
(2016) or Last/Penrose (2018).

I For specific geometric functionals as the volume of excursion
sets of Poisson shot noise processes, similar results were
shown in Bulinski/Spodarev/Timmermann (2012),
Lachièze-Rey (2019), Lachièze-Rey/Peccati/Yang (2022),
Schulte/T. (2022).
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Thank you for your attention!
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