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> lts excursion set is given by

Zo={y €R: f(y) > u}.

» Consider a geometric functional ¢(Z, N W) of the excursion
set on a compact convex observation window W with
Aa(W) > 0.

Geometric functionals of polyconvex excursion sets of Poisson shot noise processes | Vanessa Trapp 4



convex excursion sets TUHH

Hamburg University of Technology

» We assume that gp, : RY — R>p is concave on its compact
convex support K, with Ag(Kp) > 0 for m € M and
m — K, is measurable.
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> We assume that g, : RY — R>g is concave on its compact
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> We assume that g, : RY — R>g is concave on its compact

convex support K, with Ag(Kp) > 0 for m € M and
m — K, is measurable.

» For k € N we denote by (M) the moment condition
/ Vi(Km)* Q(dm) < 0o, i€ {l,...,d}.
M

» Then, for Sy = {(x,m) € RY x M. : Kp, + x N W # 0},
n(Sw) < oo as.
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» Let (x1,m1),...,(xn, m,) be the points of the Poisson process
in Sw. For Ki = K, +x;, i € {1,...,n},

Z,NW = U {yeﬂkjﬂW:ngj(y—xj)Zu}.

IC{1,...,n} jel jel
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» Let (x1,m1),...,(xn, m,) be the points of the Poisson process
in Sw. For Ki = K, +x;, i € {1,...,n},

Z,NW = U {yeﬂkjﬂW:ngj(y—xj)Zu}.
IC{1,...,n} jel jel

P> The excursion sets are almost surely polyconvex.

» Boolean model arises as special case for gm,(x) = u for
x € K, and m € M.
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> translation invariant, i.e. (A + x) = @(A) for A€ RY, x € R?
> additive, i.e. () =0 and

(A1 U Ar) = @(A1) + p(A2) — p(A1 N Az)

for A1, Ay € RY.
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» We consider measurable functions ¢ : R¢ — R, which are

> translation invariant, i.e. p(A+ x) = p(A) for A€ RY x € RY
> additive, i.e. () =0 and

(A1 U Ar) = @(A1) + p(A2) — p(A1 N Az)

for Ay, Ay € RY.
> locally bounded, i.e. |p(A)| < M, for all K¢ > AC [0,1]9.

» Most prominent examples are the intrinsic volumes.
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Let W, = rW for r > 1. Under the assumption (M1), we have

lim E[p(Z, 0 W,)]

where C§ := [0,1)9 denotes the half-open d-dimensional unit cube.
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Let W, = rW for r > 1. Under the assumption (M1), we have

0 E[SO(ZU N Wr)] _ d
r|l>r20 Vd(Wr) - IE“'[L:O(ZU n CO )]7
where C§ := [0,1)9 denotes the half-open d-dimensional unit cube.

» A similar result was shown for E[p(Z N W, )], where Z is a so
called standard random set in Schneider/Weil (2008).
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» For a polyconvex set A let N(A) denote the smallest possible
number m with A= Ky U---U K}, for convex sets K;,
i=1,...,m.
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» For a polyconvex set A let N(A) denote the smallest possible
number m with A= Ky U ---U K}, for convex sets Kj,
i=1,...,m.

» A standard random Z set satisfies E[2N(Zﬂ[°’1]d)] < oo0.

Geometric functionals of polyconvex excursion sets of Poisson shot noise processes | Vanessa Trapp 9



Standard random sets

Hamburg University of Technology

» For a polyconvex set A let N(A) denote the smallest possible
number m with A = Ky U --- U K,, for convex sets K,
i=1,...,m.

» A standard random Z set satisfies E[2N(Zm[o’1]d)] < 00.

» Z,N W can be written as the number of 2" convex sets,
where n = n(Syy), i.e. E[2N(ZN01] is not necessarily finite
and therefore not a standard random set.
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» Consider the example, where gi,(x) = 5 for x € Kp,.
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» Consider the example, where gi,(x) = 5 for x € Kp,.

» In a situation as in the following picture

NS

N(Z,N[0,1]9) = 2 and if the probability for such
configurations is large enough, E[2N(ZU”[071]d)] = 0.
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> For standard sets we use for W C [0,1]? that |p(A)| < M,
for AC W and hence,

E[|o(Z N W)[] < ME[2VNEW)] < o0,
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> For standard sets we use for W C [0,1]9 that |p(A)| < M,
for A C W and hence,

E[jp(Z N W)|] < MERNE™W)] < o0,
» For Z,N W we use a dynamic decomposition of W into cubes

Qn,z, which stops when N(Z, N Qp ;) < L for some constant
LeN.
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> For standard sets we use for W C [0,1]9 that |p(A)| < M,
for A C W and hence,

E[jp(Z N W)|] < MERNE™W)] < o0,
» For Z,N W we use a dynamic decomposition of W into cubes

Qn,z, which stops when N(Z, N Qp ;) < L for some constant
LeN.

e
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Under (My) there exists a constant oo > 0 such that

im Var[e(Z, N W,)] _
r—0o0 Vg(W,)

Let N denote a standard Gaussian random variable. If o0g > 0 and
assumption (M) is fulfilled, there exists for { € {Kol, Was} a
constant C > 0 satisfying

d o(Zy N W,) = E[p(Z, N W,)] < 9
Var[p(Z, " W,)] ’ — VVa(W,)

for r large enough.
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» Similar results for the Boolean model in Hug/Last/Schulte
(2016) or Last/Penrose (2018).
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» Similar results for the Boolean model in Hug/Last/Schulte
(2016) or Last/Penrose (2018).

» For specific geometric functionals as the volume of excursion
sets of Poisson shot noise processes, similar results were
shown in Bulinski/Spodarev/Timmermann (2012),
Lachieze-Rey (2019), Lachieze-Rey/Peccati/Yang (2022),
Schulte/T. (2022).
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Thank you for your attention!
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