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Preliminaries
Intrinsic and Mixed Volumes

K" ... convex bodies (non-empty, compact, convex subsets of R")
For K,LeK"let K+L={x+y:xeK,yelL}

Recall: Steiner Formula

voln(K + rB") = > r"™Jvol,_j(B")Vj(K), r>0,KeK"
j=0

v

Recall: Mixed Volumes

FormeN, Ki,....,.Kn € K", A1,...,An >0,

Volo(M K1 + -+ AmKm) = D Xy X, V(K ..., Ki,).

A\
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Brunn—Minkowski Inequality

For K,L € K",

V(K + L) > Va(K) + Va(L)7.
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For K € K",

(\Zl((g")))i > 2 (%((BK))) = . (an"((gn)))i. |

Brunn—Minkowski Inequality

For K,Le K", 1 <j <n,
1 1 1
Vi(K+ L)/ > Vi(K)7 + Vj(L)/.
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Preliminaries
Inequalities

Isoperimetric Inequality

For K € K",

1 1

(&%:%)izz~-z (é%j%g%)“ng(;%g%>n‘

y

Brunn—Minkowski Inequality

For K,Le K", 1 <j<n,
1 1 1
Vi(K + 1)) > Vi(K)] + vi(L)?
Alexandrov—Fenchel Inequality

For K1,...,K, € K",
V(Ki, Kz, ..., Kn)? > V(K Ki, K3, . K V(K2 Ko, K, K.
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Functional Setting

Super-coercive Convex Functions

Convec(R") := {u: R" — (—o00,00] : convex, l.s.c., u# 400,

. . u(x
super-coercive: Ilm‘x‘_>+oo 7 — +oo}

[x]
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Functional Setting

Super-coercive Convex Functions

Convec(R") := {u: R" — (—o00,00] : convex, l.s.c., u# 400,

. . u(x
super-coercive: Ilm‘x‘_>+oo 7 — +oo}

[x]

Every convex body K € K" is represented by its indicator function I3 € Convg(R"),

o 0 if xe K,
I¥(x) = ,
+o0 if x ¢ K.
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Functional Setting

Super-coercive Convex Functions

Convec(R") := {u: R" — (—o00,00] : convex, l.s.c., u# 400,
: : u(x
super-coercive: Ilm‘x‘_>+oo - 4

[x]

Every convex body K € K" is represented by its indicator function I3 € Convg(R"),

o 0 if x e K,
I (x) = .
400 if x ¢ K.

Convsc(R™) is dual to {v: R” — R : v is convex} via the Legendre-Fenchel transform.
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Functional Setting

Functional Intrinsic and Mixed Volumes

For a € Cc([0,00)) set V, o(u) == fdom(u) a(|Vu(x)|)dx, u € Convs(R").
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Functional Setting

Functional Intrinsic and Mixed Volumes

For a € Cc([0,00)) set V, o(u) == fdom(u) a(|Vu(x)]) dx, u € Convs(R").

Functional Steiner Formula (Colesanti, Ludwig, M., Calc. Var. PDE 2022)

Vio(uO(r-132)) r >0, u € Convs.(R")
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For a € Cc([0,00)) set V, o(u) == fdom(u) a(|Vu(x)]) dx, u € Convs(R").

Functional Steiner Formula (Colesanti, Ludwig, M., Calc. Var. PDE 2022)

Voo uO(r-13)) r>0,u € Convg(R")
1 R 1 1 R 1 1 ]R 1
uO(r-13)
u r.:[%on
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Functional Steiner Formula (Colesanti, Ludwig, M., Calc. Var. PDE 2022)
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=~ det(D?u*(y)[j],D?ly|[n—j]) dy
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Functional Setting

Functional Intrinsic and Mixed Volumes

For v € C.([0,00)) set Vjo(u) := fdom(u) a(|Vu(x)])dx, u € Conve(R").

Functional Steiner Formula (Colesanti, Ludwig, M., Calc. Var. PDE 2022)

n

Vioo(uO(r-130)) = Z r"Ivol,_i(B" )W o(u), r>0,uc Convg(R")

For meN, u,...,um € Convge(R"), Aq,..., A

m
Voa((Ai-u) 3O A um)) = Z Aip o A Valuiy, - oy ui).
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Inequalities and Counterexamples for Functional Intrinsic Volumes 6 Fabian Mussnig



Functional Setting

Properties and Results for Functional Intrinsic Volumes
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e Continuous w.r.t. epi-convergence.
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o V(1) = a(0)V;(K) for K € K".

e Continuous w.r.t. epi-convergence.

@ Epi-translation invariant.

e Rotation invariant: V; ,(uo9™1) =V, 4(u) for ¥ € SO(n), u € Convs(R™).
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Properties and Results for Functional Intrinsic Volumes

Properties and Results (Colesanti, Ludwig, M.; Knoerr; Knoerr, Ulivelli)
o V; (1) = a(0) Vj(K) for K € K.
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Epi-translation invariant.
e Rotation invariant: V; o(uo9™1) =V, ,(u) for ¥ € SO(n), u € Conve(R™).
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Characterized by a Hadwiger-type theorem.
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Functional Setting

Properties and Results for Functional Intrinsic Volumes

Properties and Results (Colesanti, Ludwig, M.; Knoerr; Knoerr, Ulivelli)

V.o (1) = a(0) V;(K) for K € K.

Continuous w.r.t. epi-convergence.

Epi-translation invariant.
e Rotation invariant: V; o(uo9™1) =V, ,(u) for ¥ € SO(n), u € Conve(R™).
Valuation: Vj o(uV v) +V;o(u A v) =V 4(u) + Vja(v)

Characterized by a Hadwiger-type theorem.

Cauchy—-Kubota formulas.

Theory of continuous epi-translation invariant valuations on Convsc(R").

Theory of smooth valuations.
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Inequalities

Open Problem

estion

Do functional intrinsic and mixed volumes satisfy inequalities?
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Inequalities

Open Problem

estion

Do functional intrinsic and mixed volumes satisfy inequalities? In particular,

@ isoperimetric inequalities,

@ Brunn—Minkowski inequalities,

@ Alexandrov—Fenchel inequalities.
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Inequalities
What is Known?

R Convec o(R") := {u € Convec(R") : 9(dom (u)) = {u=0}}

o
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Inequalities
What is Known?

R Convec o(R") := {u € Convee(R") : 9(dom (u)) = {u = 0}}

For ug, u1, ..., up € Convsc o(R"),

= VL,O(ul,...,u,,)2
\/ 2VUO(ul,u1,U3...,u,,)vuO(u2,u2,U3,...,u,,).

‘ Theorem (Klartag, GAFA Lecture Notes 2007)

Observation

Vio(ur, ... up) = V(Ky, ..., Ky,) for some Kyy,..., Ky, € KL
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Inequalities

Functional Brunn—Minkowski Inequality
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Functional Brunn—Minkowski Inequality

For non-negative o € C([0,00)), u, v € Convec(R"), 1 <j < n,

- R 1
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For non-negative o € C([0,00)), u, v € Convec(R"), 1 <j < n,

1 — 1 — 1

True for Special Cases
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Inequalities

Functional Brunn—Minkowski Inequality

For non-negative o € C([0,00)), u, v € Convec(R"), 1 <j < n,

1 — 1 — 1

True for Special Cases

o u=1I¥, v=1I° with K, L € K".
o j=1.

N

Proposition (M., Ulivelli, 2023+)

For every 2 < j < n and non-negative a € C-([0,00)), a # 0, there exist functions
u,v € Convs(R") such that

1 — 1 — 1
Vja(uBv)i <V;a(u)i +Vja(v)i.
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Inequalities
From Functions to Bodies

Fix a € C([0,00)).
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Rn

Inequalities and Counterexamples for Functional Intrinsic Volumes 10 Fabian Mussnig TU Wien



Inequalities
From Functions to Bodies

Fix a € C([0,00)).

Relating the Measures

R

Vi a(U)

u € Convg(R")

Rn

Inequalities and Counterexamples for Functional Intrinsic Volumes 10 Fabian Mussnig



Inequalities
From Functions to Bodies

Fix a € C([0,00)).

Relating the Measures

R

Vo) = /dom(u) Tl i

u € Convg(R")

Rn

Inequalities and Counterexamples for Functional Intrinsic Volumes 10 Fabian Mussnig



Inequalities
From Functions to Bodies
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R

Vo) = /dom(u) Tl i

u € Convg(R")

Rn
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Inequalities
From Functions to Bodies

Fix a € C([0,00)).

Relating the Measures

R

Vo) = /dom(u) Tl i

u € Convg(R")

K, € Kntl

Rn
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Inequalities
From Functions to Bodies

Fix a € C([0,00)).

R
v ! Relating the Measures
| : Via(u) :/ a(|Vu(x)|) dx
' dom (u)
u € Convg(R") = /S" a(|(z, ent1)]) dSn(Ku, 2)
where :
~ a(| gno(z
1 6(1(2, eny2)]) = — BN
Ky € K" 1+ |gno(z)]
for z € S".
Rn
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Inequalities

An Explanation

Representation of V, o (u)

Vialo) = | &(1(2:ers2)) dS:(Kus 2)
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Inequalities
An Explanation

Representation of V, o (u)

Vnalt) = [ ({2 ensa} ) dSn(Kir2)

ST

Theorem (Colesanti, Hug, Saorin Gémez, J. Geom. Anal. 2014)

For K € K"t let F(K) = [s f(2) dSa(K, z) with some f € C(S™).
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Inequalities
An Explanation

Representation of V, o (u)

Vnalt) = [ ({2 ensa} ) dSn(Kir2)

ST

Theorem (Colesanti, Hug, Saorin Gémez, J. Geom. Anal. 2014)
For K € K"t let F(K) = [s f(2) dSa(K, z) with some f € C(S™). The inequality

F(K +L)» > F(K)n + F(L)7

holds for all K, L € K", if and only if f is a support function.
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Inequalities
An Explanation

Representation of V, o (u)

Vnalt) = [ ({2 ensa} ) dSn(Kir2)

ST

Theorem (Colesanti, Hug, Saorin Gémez, J. Geom. Anal. 2014)
For K € K"t let F(K) = [s f(2) dSa(K, z) with some f € C(S™). The inequality

F(K + L)n > F(K)n + F(L)7

holds for all K, L € K", if and only if f is a support function.

4

Since a has compact support, z — &(|(z, en+1)|) vanishes in a neighborhood of the
equator.
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Inequalities

Isoperimetric Inequality
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Inequalities

Isoperimetric Inequality

Proposition (M., Ulivelli, 2023+)

For every non-negative a € C.([0,00)), a # 0, the operator V,,_1 o
does not attain a minimum on

A(n, ) = {u € Convec(R") : Vppo(u) = 1}.
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Inequalities

Isoperimetric Inequality

Proposition (M., Ulivelli, 2023+)

For every non-negative a € C.([0,00)), a # 0, the operator V,,_1 o
does not attain a minimum on

A(n, ) = {u € Convec(R") : Vppo(u) = 1}.
In fact, Vj—1.4(u) > 0 for every u € A(n, ), while

inf  Va_14(u) =0.
uGXZn,a) 1 (U) 0
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Inequalities

Isoperimetric Inequality

Proposition (M., Ulivelli, 2023+)

For every 1 < j < k < n and non-negative a € C.([0,0)), a # 0, the operator V, ,
does not attain a minimum on

A(k, ) = {u € Convec(R") : Vi o(u) = 1}.
In fact, V; o(u) > 0 for every u € A(k, ), while

inf  V,.(u)=0.
UG/IAI?k,a) S (U) 0

Inequalities and Counterexamples for Functional Intrinsic Volumes 12 Fabian Mussnig



Inequalities

Short Explanation

The measures MAJ(u; -) correspond to mixed area measures S(Ku[j], Bfj[n — ], -),
where
Bﬁl = {(X]-?' "7XI7+1) E Rn+1 : Xf + ttt +Xr2, S 1,Xn+1 = 0}
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Inequalities
Short Explanation

The measures MAJ(u; -) correspond to mixed area measures S(Ku[j], Bfj[n — ], -),
where
Bﬁl = {(X]-?' "’XnJrl) E Rn+1 :Xf + ttt +Xr2, S 1,Xn_;’_1 = 0}

Mixed Area Measure

m

Sn—l()‘lK1+"'+>\me"): Z )\il.”Ainfls(Kh?""Kinfl’.)

ityeoyin_1=1

for every Ki,....,Km € K", A1...,An >0and m € N.
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Inequalities
Short Explanation

The measures MAJ(u; -) correspond to mixed area measures S(Ku[j], Bfj[n — ], -),
where
Bfr',l = {(X]-?’ "’XN+1) E Rn+1 :X]? + ttt +Xr21 S 1,Xn_;’_1 = 0}

Theorem (Schneider, Geom. Dedicata 1988)

For every 0 < j < nand K € K",
supp S(K[j], Bfln —Jj],-) € clext(K[j], Buln — J]).
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Inequalities
Short Explanation

The measures MAJ(u; -) correspond to mixed area measures S(Ku[j], Bfj[n — ], -),
where
Bfr',l = {(X]-?’ "’XN+1) E Rn+1 :X]? + ttt +Xr21 S 1,Xn_;’_1 = 0}

Theorem (Hug, M., Ulivelli, 2023+)

For every 0 < j < nand K € K",
supp S(K[j], Bfln — j], ) = clext(K[j], Buln — j])-
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Inequalities
Short Explanation

The measures MAJ(u; -) correspond to mixed area measures S(Ku[j], Bfj[n — ], -),
where
B;}I = {(X]-?’ "’Xn+1) E Rn+1 : Xf + ttt +Xr21 S 1,Xn_;’_1 = 0}

Theorem (Hug, M., Ulivelli, 2023+)

For every 0 < j < nand K € K",
supp S(K[j], Bfln — j, ) = clext(K[j], Buln — J])-

supp S(K[n], BA[0],) C - C supp S(K[1], B[n — 1],)
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Inequalities
Short Explanation

The measures MAJ(u; -) correspond to mixed area measures S(Ku[j], Bfj[n — ], -),
where
B;}I = {(X]-?’ "’Xn+1) E Rn+1 : Xf + ttt +Xr27 S 1,Xn_;’_1 = 0}

Theorem (Hug, M., Ulivelli, 2023+)

For every 0 < j < nand K € K",
supp S(K[j], Bfln — j, ) = clext(K[j], Buln — J])-

supp S(K[n], BA[0],) C - C supp S(K[1], B[n — 1],)

supp MA7(u; ) € -+ C supp MA](u; -)
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Inequalities
Wulff-type Inequalities

For u € Convsco(R") set V,1(u) = fdom(u) |u(x)| dx.
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Inequalities

Wulff-type Inequalities

For u € Convsc,o(R") set Vi1 (u) = [yom (o [u(x)] dx.

Theorem (M., Ulivelli, 2023+)

If 5 € C(R") is such that 0 < ¢ < 5K = < C for every x € R" with ¢,C >0
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Inequalities

Wulff-type Inequalities

For u € Convsc,o(R") set Vi1 (u) = [yom (o [u(x)] dx.

Theorem (M., Ulivelli, 2023+)

If B € C(R") is such that 0 < ¢ < —2%)_ < C for every x € R with ¢, C > 0, then

Vos(u)h > d(n, BV oy ()1

for every u € Convec o(R").
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Inequalities
Wulff-type Inequalities

For u € Convsc,o(R") set Vi1 (u) = [yom (o [u(x)] dx.

Theorem (M., Ulivelli, 2023+)

If B € C(R") is such that 0 < ¢ < —2%)_ < C for every x € R with ¢, C > 0, then

1

Vo s(u)s > d(n, BV (u)mi

for every u € Convsc o(R").

More general setting possible but it involves boundary terms. \
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Thank you very much,
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