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Hyperbolic Geometry

Figure: Circles and geodesics in the Poincaré disk model

I Hd d-dimensional hyperbolic space

I Kd compact convex subsets of Hd

I Id set of isometries % : Hd → Hd , λ Haar measure on Id such
that for the Hausdorff measure Hd and x ∈ Hd ,

Hd(·) =

∫
Id

1{%x ∈ ·}λ(d%).

Boolean models in hyperbolic space | Matthias Schulte 2



Hyperbolic Geometry

Figure: Circles and geodesics in the Poincaré disk model
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Balls in hyperbolic spaces

I p fixed point in Hd

I BR closed ball with radius R and centre p

I Surface area and volume of BR are given by

Hd−1(∂BR) = ωd sinhd−1(R)

and

Hd(BR) = ωd

∫ R

0
sinhd−1(r) dr

with ωd the surface area of the unit ball in Rd .
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Boolean Model in hyperbolic space

I η stationary Poisson process
on Kd , i.e., the intensity
measure Λ satisfies

Λ(%·) = Λ(·)

for all % ∈ Id .

I Boolean model

Z =
⋃
K∈η

K

I Consider Z ∩ BR as R →∞
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Boolean Model in hyperbolic space

In the following, we assume η to be locally finite, i.e.,

Λ({K ∈ Kd : K ∩ C}) <∞ for all compact C ⊂ Hd .

Then, for f : Kd → [0,∞),∫
Kd

f (K ) Λ(dK ) = γ

∫
Kd

∫
Id

f (%G )λ(d%)Q(dG )

with γ ∈ [0,∞) and a probability measure Q invariant under all
% ∈ Id with %(p) = p. We call a random compact convex set G
distributed according to Q typical particle.
For the 1-parallel set G(1) of G we have EVol(G(1)) <∞.
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Horoballs

For u ∈ Sd−1 and t ∈ R, let Bu,t = lim
r→∞

B(expp((t +R)u),R). We

denote Bu,t as horoball.
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Volume

Define v1 = E Vol(G) and

C (x , z) = Eλ({% ∈ Id : %x , %z ∈ G}) for x , z ∈ Hd .

Theorem: Hug/Last/S. 23+

For W ∈ Kd ,

E Vol(Z ∩W ) = Vol(W )
(
1− e−γv1

)
and,

if EVol(G(1))2 <∞,

lim
R→∞

Var Vol(Z ∩ BR)

Vol(BR)

= e−2γv1
∫
Hd

(
eγC(p,z) − 1

)
P(z ∈ BU,T )Hd(dz)

with independent U ∼ Uniform(Sd−1p ) and −T ∼ Exp(d − 1).
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Comparison with Euclidean case

e−2γv1

∫
Rd

(
eγC(z) − 1

)
dz

with C (z) = E Vol(G ∩ (G + z))

e−2γv1

∫
Hd

(
eγC(p,z)−1

)
P(z ∈ BU,T )Hd(dz)

Λ([∂BR ]) ∼ Hd−1(∂BR) ≈ ωdR
d−1

Vol(BR) ≈ ωd

d
Rd

Λ([∂BR ]) ∼ Hd−1(∂BR) ≈ ωde
(d−1)R

Vol(BR) ≈ ωd

d − 1
e(d−1)R
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Geometric functionals

Let Rd be the convex ring, i.e., the set of unions of finitely many
compact convex sets.

A map φ : Rd → R is called a geometric functional if it is

I measurable,

I additive, i.e.,

φ(U ∪ V ) = φ(U) + φ(V )− φ(U ∩ V ), U,V ∈ Rd ,

I isometry invariant, i.e.,

φ(%U) = φ(U) for % ∈ Id and U ∈ Rd ,

I locally bounded, i.e.,

sup{|φ(K )| : K ∈ Kd , % ∈ Id ,K ⊆ %B1} <∞.
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Asymptotic expectations

On the set of horoballs Bd
h we define the measure

µhb(·) =
d − 1

ωd

∫
Sd−1
p

∫
R

1{Bu,t ∈ ·}e(d−1)t dtHd−1
p (du).

Theorem: Hug/Last/Schulte 23+

For a geometric functional φ : Rd → R that is continuous on Kd ,

lim
R→∞

Eφ(Z ∩ BR)

Vol(BR)

= γ

∞∑
n=1

(−1)n−1

n!

∫
Bd
h

∫
Kd

∫
(Kd )n−1

φ(G ∩ K2 ∩ . . . ∩ Kn ∩ B)

× Λn−1(d(K2, . . . ,Kn)) Q(dG )µhb(dB).
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Asymptotic variances

Theorem: Hug/Last/Schulte 23+

Assume that E Vol(G(1))2 <∞ and let φ : Rd → R be a
geometric functional that is continuous on Kd . Then,

lim
R→∞

Var φ(Z ∩ BR)

Vol(BR)

= γ

∞∑
n=1

1

n!

∫
Bd
h

∫
Kd

∫
(Kd )n−1

φ∗(G ∩ K2 ∩ . . . ∩ Kn ∩ B)2

× Λn−1(d(K2, . . . ,Kn)) Q(dG )µhb(dB)

with φ∗(·) = Eφ(Z ∩ ·).
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Central limit theorems

Theorem: Hug/Last/Schulte 23+

Let φ : Rd → R be a geometric functional such that

lim inf
R→∞

Var φ(Z ∩ BR)

Vol(BR)
> 0

and let N be a standard Gaussian random variable.

a) If E Vol(G(1))2 <∞, then

SR :=
φ(Z ∩ BR)− Eφ(Z ∩ BR)√

Var(φ(Z ∩ BR))

d−→ N as R →∞.

b) If E Vol(G(1))4 <∞, there exists a constant C ∈ (0,∞) such
that

sup
t∈R

∣∣P(SR ≤ t)− P(N ≤ t)
∣∣ ≤ C√

Vol(BR)
, R ≥ 1.
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Thank you!

Thank you!

matthias.schulte@tuhh.de
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