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Random approximation of a convex body

K CcRY... convex body (compact with non-empty interior).

Approximate K with a random polytope
Kn:[X1,...,Xn], neN,

where Xi, Xz, ... arei.i.d. uniformly chosen in K or on the boundary 9K w.r. to a
probability measure P.

Here: we mostly choose them on OK.
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Random approximation of a convex body

K CcRY... convex body (compact with non-empty interior).

Approximate K with a random polytope
Kn:[X1,...,Xn], neN,

where Xi, Xz, ... arei.i.d. uniformly chosen in K or on the boundary 9K w.r. to a
probability measure P.

Here: we mostly choose them on OK.

How good is this approximation?

There are several ways of quantifying this question ...
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The quality of the approximation

For example, we measure the error of approximation with, e.g.,

Ia(K,K,) =vol(K\ Ky) ... symmetric difference
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The quality of the approximation

For example, we measure the error of approximation with, e.g.,

Ia(K,K,) =vol(K\ Ky) ... symmetric difference

or the Hausdorff distance

on(K,K,) = max{supdist(x, K,), sup dist(y, K)}
xeK YEK,
= sup dist(x, K,) = sup inf ||x —y]|
x€OK XEBK)’EKn
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Eda(K, Kn) = /aK L 5a(K, Ky) dP(X1) - - - dP(Xp)

IE&H(K,K,,):/ / 5r(K, Kn) dP(X1) - - - dP(Xp)
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The quality of the approximation

Eoa(K,K,) or  Eéu(K,K,), neN,
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The quality of the approximation

Eoa(K,K,) or  Eéu(K,K,), neN,

lim ESa(K,K,) =0 and lim Esu(K,K,) =0.

n—o0 n— o0

What is the speed of convergence?
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Two regimes: Smooth bodies and polytopes
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Two regimes: Smooth bodies and polytopes

Locally, approximating smooth bodies and polytopes looks like. ..

AN

...and at scale p=/(d=1)

ﬁ—.\
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Symmetric difference metric ja

Random approximation of convex bodies in Hausdorff «

7/

25



Symmetric difference metric ja

Theorem (Reitzner; Schiitt&W)
If K satisfies mild smoothness assumptions, then

lim n?/"DESA(K, Ky) = cg as(K)ot

n—o0

e (4 is a constant

o as(K) = [,k k(x)71 duk(x) is the affine surface area of K
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Theorem (Reitzner&Schiitt&W)
If K is a simple polytope (every vertex meets d facets), then

lim n?/(=VEsA (K, K,) = ca(K).

n—oo

ca(K) € (0,00)... constant depending on K
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Theorem (Reitzner&Schiitt&W)
If K is a simple polytope (every vertex meets d facets), then

lim n?/(=VEsA (K, K,) = ca(K).

n—oo

ca(K) € (0,00)... constant depending on K
Theorem (Barany&Buchta)

If K is a polytope and K!* the convex hull of n points sampled uniformly and i.i.d.
inside K, then

_ . — # flags(K)
nILngoWE(SA(Kv Ky') = (d +1)d+1(d — 1)!
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Theorem (Reitzner&Schiitt&W)
If K is a simple polytope (every vertex meets d facets), then

lim nd/(=VEsA (K, K,) = ca(K).

n—oo

ca(K) € (0,00)... constant depending on K
Theorem (Barany&Buchta)

If K is a polytope and K!* the convex hull of n points sampled uniformly and i.i.d.
inside K, then

# flags(K)

2 n in
lim ﬁEéA(K, Kn ) =

n—oo (logn) (d +1)d+1(d — 1)!
e points chosen on 9K: Eéa(K, K,) ~ n—d/(d-1)
H ; . in (Ic)gn)d*1
e points chosen in K: Eoa(K, K)P) ~ =80—
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Symmetric difference metric da; points chosen on 0K

e smooth case: Eéa(K, Ky) ~ n—2/(d=1)

e polytope: Eda(K, Ky) ~ n~¢/d=1)
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Hausdorff distance dy

In contrast to da, no (?!) result of type

lim a,Eéu(K, Kn) = c(K) € (0,00)

n—o00

seems to be known.
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Hausdorff distance 64

In contrast to da, no (?!) result of type
lim a,Eéu(K, Kn) = c(K) € (0,00)

n—o00

seems to be known.

What is known

° upper bounds for convergence almost surely by Diimbgen&Walter

° results by Brunel
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Hausdorff distance 64

In contrast to da, no (?!) result of type

lim a,Eéu(K, Kn) = c(K) € (0,00)

n— oo
seems to be known.
What is known
° upper bounds for convergence almost surely by Diimbgen&Walter
° results by Brunel
° We will again consider the 2 regimes: smooth bodies and polytopes
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Hausdorff distance - smooth bodies

Theorem (Glasauer&Schneider)

Let K be a Cf; convex body in RY and P = hjuk a probability measure with
density h. Then

_2
. n \2/(d-1) 1 1 r(x)2 . .
n||_>moo (Iogn) oH(K, Kp) = 5 <|B§jl| max h(x) in probability.
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Hausdorff distance - smooth bodies

Theorem (Glasauer&Schneider)

Let K be a Cf; convex body in RY and P = hjuk a probability measure with
density h. Then

_2
2/(d-1) 1( 1 AN
lim ( . ) oH(K, Kp) = 5 ( ~) ) in probability.

n—oo \log n |BS~1| CoK h(x)

From this, one gets

Under the same assumption as in the Theorem,

2/(d—1) ) &8
lim ( ! ) ]E(SH(K,K,,):%<; m “(X)2>

|BS~1| xCoK h(x)
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Hausdorff distance - polytopes

For polytopes, everything happens at the vertices, i.e.,...
If K is a polytope, then
on(K, Kn) = sup dist(x, K,) = max dist(vi, K»),
x€OK i=1,...,M

where vi, ..., vy are the vertices of K.
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A small detour: Random points inside a polygon

Approximate K with
K = [Yi,...,Ya] neEN,

where Y1, Ys,... are i.i.d. uniform on K (instead of 9K).

Theorem (Briker&Hsing&Bingham)

If K € R? is a polygon with M vertices, then
M
I|m P[n/26(K, KI") H (1-pi(x)), x>0,

where p; depends only on the i-th interior angle of K.
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The only result we found on Edy(K, K,) is an inside result

Theorem (Biérany)
If K is a polytope, then, for n large enough,

a(K) < nY9Esu(K, Ki*) < o (K).
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The only result we found on Edy(K, K,) is an inside result

Theorem (Biérany)
If K is a polytope, then, for n large enough,

a(K) < nY9Esu(K, Ki*) < o (K).

One can show that ...

If K is a polytope, then, for n large enough,

a(K) < n/UYEsy (K, K,) < a(K).
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The only result we found on Edy(K, K,) is an inside result

Theorem (Biérany)
If K is a polytope, then, for n large enough,

a(K) < nY9Esu(K, Ki*) < o (K).

One can show that ...

If K is a polytope, then, for n large enough,

a(K) < n/UYEsy (K, K,) < a(K).

0 ) 2/(d=1)
e smooth case: Edu(K, K,) ~ ( Og”)

n

e polytope: Eén(K, K,) ~ n—1/(d-1)
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We have

If K is a polytope, then, for n large enough,

a(K) < n/UVESL(K, Ky) < ao(K).

What is the exact asymptotic constant?
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Hausdorff distance

Theorem (Prochno&Schiitt&Sonnleitner&W '23)

If K C R? is a polygon with M vertices, then

o M
ILm nEén(K, K,) = |6K|/ 1— H (1 _ X/ e—x(erh(y’aj))dy)dX,
n o0 0 B
Jj=1

oo
£

where o is the interior angle at the vertex v;, 1 < j < M.
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Hausdorff distance

Theorem (Prochno&Schiitt&Sonnleitner&W '23)

If K C R? is a polygon with M vertices, then

oo
£

o M
ILm nEén(K, K,) = |6K|/ 1— H (1 _ X/ e—x(erh(y’aj))dy)dX,
n o0 0 B

Jj=1

where o is the interior angle at the vertex v;, 1 < j < M.

The influence of the interior angles

1 if aj < 7/2,

sin(o)7! if oy > /2.
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e a<m/2andy € [1,cos(a)]
or
e a>n/2andy > sin(a)”?

sin(a)y/y? — 1 — cos(a)

hly,a) =y sin?(a)y? — 1

e h(y,a)=1, else
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e a<m/2andy € [1,cos(a)]
or
e a>n/2andy > sin(a)”?

sin(a)y/y? — 1 — cos(a)

hly,a) =y sin?(a)y? — 1

e h(y,a)=1, else

x h(y, a;)
xy
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oo M o0
lim nEdu(K, K,) = \8K|/ 1-JJ@a- x/ e UHeigy) dx
n— oo 0 Z

i=1 i
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oo M o0
lim nEdu(K, K,) = \6K|/ 1-JJ@a- x/ e UHeigy) dx
n— oo 0 Z

i=1 i

Special case: a; > 7/2 for all i
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oo M o0
lim nEdu(K, K,) = \6K|/ 1-JJ@a- x/ e UHeigy) dx
n— oo 0 Z

i=1 i

Special case: a; > 7/2 for all i

Corollary 1 (Prochno&Schiitt&Sonnleitner&W '23)
If K C R? is a polygon with M vertices such that o; > 5 for all i, then
1
gc(K) < lim nE[6u(K, Kn)] < c(K)
n— oo

where
M

o(K)i=IOKI > () Y

k=1 1< <-+-<ik<M sin oy + sin aj
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Proof of Corollary 1

By the theorem

oo
£

. M
lim nEsu(K, K,) = |aK|/ 1-J]@ —x/ e e gy dx
n— oo 0 paley
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Proof of Corollary 1

By the theorem

oo
£

. M
lim nEsu(K, K,) = |aK|/ 1-J]@ —x/ e e gy dx
n— oo 0 paley

. 1
a>Zforalli = 4= = Y2 o

™ ;
2 sin o
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Proof of Corollary 1

By the theorem

oo
£

. M
lim nEsu(K, K,) = |aK|/ 1-J]@ —x/ e e gy dx
n— oo 0 paley

1

. 1
a;zgforalllzﬁizmﬁyzsinm:>
h( ) sinajy/y? — 1 — cosq; S 1 sinajy/y?—1—cosq; >0
i) = - - >
Vo sina;y2 —1 ~ sinq; sina;y?2 —1
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Proof of Corollary 1

By the theorem

oo
£

. M
lim nEsu(K, K,) = |aK|/ 1-J]@ —x/ e e gy dx
n— oo 0 paley

1

. 1
a;zgforalllzﬁizmﬁyzsinm:>
h( ) sinajy/y? — 1 — cosq; S 1 sinajy/y?—1—cosq; >0
i) = - - >
Vo sina;y2 —1 ~ sinq; sina;y?2 —1

oo e __x_
X/ e e gy < X/ ey = e = T
4 14

i i

Random approximation of convex bodies in Hausdorff «



Proof of Corollary 1

By the theorem

oo M oo
lim nEsu(K, K,) = |aK|/ 1-J]@- x/ e e gy dx
n—oo 0 l 0

1

. _ 1
aj > 5 foralli = Ei—m == y > ey =
h( ) sinajy/y? — 1 — cosq; S 1 sinajy/y?—1—cosq; >0
) = - - 2
o=y sina; y2 — 1 ~ sing; sin;y?2 — 1
=
[e's} oo __x
X/ e e gy < X/ ey = e = T
£ L
and

M - M
H (1 _ X/e e~ x(y+h(y,a;)) 1:[ 7><Z

i=1 i
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n—o0

oo M o0
lim nEsu(K, K,) = \8K|/ 1-JJa- x/ e XU qy) dx,
0 i=1 £

M . M ;
(1- X/ e UhraNqy > TT (1 — e )
E L ,1}
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oo M o0
lim nEsu(K, K,) = \8K|/ 1-JJa- x/ e XU Thad)qy ) dx
n—oo 0 i 2

M

1*X/oo y+h(ya’)dy>H 1fes.nu)
=1 b i=1
.
M o " ) "
X y+ » a/ 1 —_— e SanC
zM: 1)k+1 Z efx<ﬁ+..,+ﬁ)

k=1 1<ih<..ik<M
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oo M o0
lim nEsu(K, K,) = \8K|/ 1-JJa- x/ e XU Thad)qy ) dx
n—oo 0 i 2

M . M }
H (1 B X/ efx(}’+h(y70¢/‘))dy > H (1 _ e‘Ta,)
i=1 £; i=1
—
M oo M
1-T[a- X/ e UHegy <1 T (1-e 5
i=1 £ i=1
M
=St e*(*ﬁ*#)
k=1 1< <...ig <M
—
u 1
lim nES(K K) < K| (Y b
k=1 1< <...ix<M sin oy sin aj,
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M
. - _ k+1
lim nEou(K, Kn) = [0K| 3 (~1) Y.

k=1 1<h <...ix<M sinajy + + sin aj,
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M
. - _q\k+1
Jim nESu(K, Kn) = 0K 3 (-1 3T s

k=1 1<h <...ix<M sinajy + sin aj,

Corollary 2 (Prochno&Schiitt&Sonnleitner&W '23)

If K*& C R? is a regular M-gon, then

log M

. reg - reg
nhj;onEdH(K , Kn) < |OK™¥| R

where < indicates equality up to absolute constants.
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M
1
. - _q\k+1
Jim nESu(K, Kn) = 0K 3 (-1 3T s

k=1 1< <...ix<M sinoz,'1 sina,'k

Corollary 2 (Prochno&Schiitt&Sonnleitner&W '23)
If K*& C R? is a regular M-gon, then

: r reg | M
lim nEsn(K™8, K,) = [oK™s| ~2. 2 °g
n—oo

where < indicates equality up to absolute constants.

Proof of Corollary 2

If K8 C R? is a regular M-gon, then a; = o for all i

Z(_l)kH Z 1 1 i Z(—l)HlSinTa <A:>

k=1 1< <...ix <M sinajy + sin o =1
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M
i - _q\k+1
nll)n;onIEéH(K, Ka) < |0K]| Z( 1) Z 1 . I

k=1 1<i <. ig <M sin ) ot i,

Corollary 2 (Prochno&Schiitt&Sonnleitner&W '23)

If K*& C R? is a regular M-gon, then

. log M
reg - reg
n|l>n;o nEdy(K™, Ka) < |0K™¥| YR
where < indicates equality up to absolute constants.
Proof of Corollary 2
If K8 C R? is a regular M-gon, then a; = o for all i
M M .
K 1 krisina (M
D CEVUD DI = () <k
k=1 1< <...ix <M sin oy sin o k=1
2 27
ina =sin((r(1 - =)) < ==
sin a = sin((( M)) Y
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M

1 21 & 1 (M
Z(—l)kﬂ Z - T3 = ﬁﬂ-z(_l)kﬂi )

k=1 1<i<...ix <M sinaj
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M

M
1 27 1 (M
Z(—l)k+1 Z . v = WZ(_I)HIE !
k=1 1<i<...ix <M sinaj sin o, k=1
M
2w 1
= W2k
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M
1 2w 1 (M
Z(—l)kﬂ Z - - = ﬁz(_l)kH; .
k=1 1<i<...ix<M sincz,-1 Sinafk k=1
M
2w 1
= W2k

lim nEdu(K™ ¢, Ko)

n— oo

M
re; 1
< KD Y

k=1 1<h <...ix <M sina + sina,

Random approximation of convex bodies in Hausdorff «



k

M M
1 or 1 (M
Z(_l)kﬂ Z 1oy 1 = ﬁz( l)kﬂk(k)
k=1 1<i<...ix<M sincz,-1 Sinafk k=1
M
27 1
= Wk
k=1
u 1
Jim nES(K™,K) = 0K ()T Y e
k=1 1< <...ixk <M sin oy sin o,
M
log M
= |oK™E 2T Z* joKes| 252
k=1
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Ingredients of the proof of the Theorem

o nElbu(K,Kn)|l = [P (6H(K, Kn) > £) dr

r
n
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Ingredients of the proof of the Theorem

o  nE|on(K, Ki)| = fOOOP(5H(K, Kn) > L) dr

e  Show that uniformly
limpsoo P (§H(K, K,) > %) =1- 71 (1 _ rf —r(y+h(y,;)) dy)
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o Write dn(K, K,) = max; dist(vi, Ky)

o Look at a single event and compute P[-dist(vi, K,) > © = x]
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o Write 0n(K, Kn) = max; dist(vi, Ka)

@ Look at a single event and compute P[-dist(vi, K)

\Y]
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o Write 0n(K, Kn) = max; dist(vi, Ka)

@ Look at a single event and compute P[-dist(vi, K)

\Y]

o Parametrize tangent lines by intersection with an edge
o Discretize the edge and compute the probabilities

@ Show asymptotic independence of vertices
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A crucial lemma: asymptotic independence
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A crucial lemma: asymptotic independence

Lemma

If vi,...,vum are the vertices of K, then

lim sup ’P[ﬂ{dwt(v,z, Kn) > r/n}] — ﬁIP’[dist(v,-e, Kn) > r/n]| =0,

n%ooreOR] =1

where 1 < k < M and the indices 1 < 4 < --- < ix < M are arbitrary.
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