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Setup
For m,n ∈ N (m ≤ n), K ∈ {R,C} and p ∈ (0,∞] consider Km×n

endowed with the Hilbert–Schmidt inner product

⟨x, y⟩ := ℜ tr(xy∗)

and the p-Schatten (quasi-)norm

∥x∥Sp
:=

{(∑m
i=1 si(x)

p
)1/p for p < ∞,

max{si(x) : i ∈ [1,m]} for p = ∞,

for x ∈ Km×n, where s1(x) ≥ · · · ≥ sm(x) ∈ R≥0 are the singular
values of x.
Objects under investigation are (β := dimR(K) always)

• Bm×n
Sp,β

:= {x ∈ Km×n : ∥x∥Sp
≤ 1}, the unit ball,

• Sm,n
Sp,β

:= {x ∈ Km×n : ∥x∥Sp
= 1} = ∂Bm×n

Sp,β
, the unit sphere.

Geometric results for p = ∞
Proposition. The exact volume of Bm×n

S∞,β equals

vβmn(Bm×n
S∞,β) =

∏m−1
k=0 Γ(1 + βk

2 )
∏n−1

k=0 Γ(1 +
βk
2 )∏m+n−1

k=0 Γ(1 + βk
2 )

πβmn/2.

Proposition. The isotropy constant LBm×n
S∞,β

remains bounded in m

and n; to be precise,

L2
Bm×n
S∞,β

=
1

2πe3/2
cβ(m,n),

where we know

e1/2
(
1 +

C1

mn

)
≤ cβ(m,n) ≤ e2

(
1 + C2

( 1

m
+

1

n

))
for all m,n ∈ N, with global constants C1, C2 ∈ R.

Proposition. A random variable X ∈ Km×n is distributed uni-
formly on Bm×n

S∞,β iff there exist independent random variables R ∈
Km×m and U ∈ Kn×m such that R ∼ BI

m,β(
βn
2 , β(m−1)

2 + 1),
U ∼ U(Un,m;β), and

X
d
= R1/2U∗.

Generic geometric results
Proposition. The unit-volume ball vβmn(Bm×n

Sp,β
)−βmnBm×n

Sp,β
is iso-

tropic.

Proposition. For x ∈ Sm×n
Sp,β

let ν(x) denote the outer unit normal
vector, then

⟨ν(x), x⟩ = ∥x∥1−p
S2p−2

(= 1 for p = ∞).

Consequently, the normalized cone measure κm×n
Sp,β

and surface
(Hausdorff) measure on Sm×n

Sp,β
conicide iff p ∈ {1, 2,∞}.

A type of symmetry
Definition. A Borel measure µ on Km×n is called Bm×n

Sp,β
-symmetric

iff there exists a Borel measure ρ on R≥0 such that∫
Km×n

f(x) dx =

∫
R≥0

∫
Sm,n
Sp,β

f(rθ) dκm×n
Sp,β

(θ) dρ(r)

for all f : Km×n → R measurable and nonnegative.

Clearly U(Bm×n
Sp,β

) and κm×n
Sp,β

are Bm×n
Sp,β

-symmetric.

Proposition. Let a random variable X ∈ Km×n have a Bm×n
Sp,β

-
symmetric distribution such that P[X = 0] = 0, then XX∗ and
(XX∗)−1/2X are independent, and X∗(XX∗)−1/2 ∼ U(Un,m;β).
(Cf. simulation of U(Un,m;β) by QR-decomposition of X ∼
N⊗(n×m)

β .)

Proposition. A random variable X ∈ Km×n has a Bm×n
Sp,β

-symmet-
ric distribution iff

X
d
= R · V · diag((Y

1/2
i )i≤m)

∥Y ∥1/2p/2

· U∗,

where R, U , V , Y are independent, R ∼ ρ, U ∼ U(Un;β), V ∼
U(Um;β), and Y is Rm-valued with Lebesgue-density

1Rm
>0
(y)

Zm,n,p,β
e−βn∥y∥p/2

p/2

m∏
i=1

y
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|yi − yj |β

(interpret e−βn∥y∥p/2

p/2 = 1Bm
∞
(y) for p = ∞).

Limit results for p = ∞
Proposition. Consider m fixed, let k ∈ N, and let (Xn)n≥m have
distribution among U(Bm×n

S∞,β) or κm×n
S∞,β. Denote the projection of

Xn onto the first k columns by X
(k)
n . Then

(n1/2X(k)
n )n≥max{m,k}

d−→ N⊗(m×k)
β .

Proposition. Let (Xn)n≥m and (Yn)n≥m be sequences of ran-
dom variables with distribution among U(Bm×n

S∞,β) or κm×n
S∞,β, and let

{Xn, Yn} be independent for each n ≥ m. Then

(n1/2XnY
∗
n )n≥m

d−→ N⊗(m×m)
β .

Work in progress
Derive Sanov-type LDPs for

µn :=
1

m

m∑
i=1

δm1/psi(X(n)),

the empirical measure of singular values, as n → ∞ and m
n → c ∈

(0, 1], analogous to those of [2] for the quadratic case.
Method: Use the probabilistic representation for Bm×n

Sp,β
-symmetric

measure, where (R(n))βmn ∼ U([0, 1]) for X(n) ∼ U(Bm×n
Sp,β

) and

R(n) = 1 for X(n) ∼ κm×n
Sp,β

, derive an LDP for νn := 1
m

∑m
i=1 δY (n)

i
,

and transfer to µn.
Obstacles: Miminizer µc,p of rate function for (νn)n∈N not identified
in case p < ∞ and c < 1; transfer not simple because contraction
principle not applicable (moment map not continuous w.r.t. weak
topology).
Knowledge of µc,p allows determination of asymptotics of the
volume and isotropic constant of Bm×n

Sp,β
. In the quadratic case the

former is known from [1] and the latter from [3].
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